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1. INTRODUCTION
In [2], it was shown that
(1.1)
and, using the same approach, it can be shown that
ec (_1)"-1 <Xl 1L = 1-L------:~
n=1 F" n=1F~+1F,,+2 .
(1.2)
Let m be a positive integer, and define the sums
<Xl 1
S(I, ... ,m)=LF.F. ,..F. ,m~l,




T(I, ... ,m)- L F.F. ...F. ,m ~ 1.
n=1 n n+1 n+m
(1.4)
In [1] (see equations 20, 21, and 22), Brousseau proved that
5 3TO, 2) = 12-2"S(I,2, 3, 4),
97 40





T(I, 2, 3, 4, 5, 6) = 1900080 29 SO, 2, 3, 4, 5,6, 7,8). (1.7)
As an application, he computed the value of the sum r;=1 J.. to twenty-five decimal places ..
Our aim in this paper is to establish explicit formulas that extend (1.5)-(1.7). Specifically, we
obtain formulas
T(I, ... , m) ='1+'2S(I, ... , m, m+ 1, m+2), m ~ 1, (1.8)
and
S(l, ... ,m) ='3 +'4T(l, ... , m, m+ 1,m+2), m ~ 1, (1.9)
where the rj are rational numbers that depend on m. Among other things, Carlitz [3] attacked the
same problem with the use of generating functions and Fibonomial coefficients. Here we provide
an alternative and more transparent approach, with the use of only simple identities that involve
the Fibonacci numbers.
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2. PRELIMINARY RESULTS
We require the following results:
<lO I
L-=I'n=I F"F,,+ 2 ' (2.1)
ec ( It-IL - = -I +2T(l);
n=1F~+2
eo I II FF. F. =-4+S(I,2);





ec I (-It-J (_I)m +F
LFF. F. F. = 2 + F. mS(l,2, ... ,m), m~l;
n=1 n n+J'" n+m-J n+m+J F; ... F ",F'm+J m+J





= (-I)III-IFm+IFn+m+JFn+m+2 +[1 + (_I)m Fm+2] Fn+mF,,+m+2 - (-ly-IFm+2; (2.7)
F,,+mF,,+m+2 + F"F,,+m+J
= (-I)mFm+IF,,+m+JF,,+m+2 +[1 + (-I)m-JFm+2]F,,+mF,,+m+2 + (- It-IFm+2· (2.8)
Formulas (2.1)-(2.3) can be obtained from [I]. More precisely: (2.1) occurs as (4); (2.2)
follows if we use (3) to evaluate
00 I
I-n=1F"F,,+k
for k = I and k = 2; and (2.3) is the first entry in Table Ill. Formula (2.4) follows from (2.4) in
[4]. Again, turning to [4], we see that identity (3.3) therein and its counterpart for Tyield (2.5)
and (2.6) for m ~ 3. We can verify the validity of (2.5) and (2.6) for m = I and 2 by simply
substituting these values and comparing the outcomes with (2.1)-(2.4). Finally, (2.7) and (2.8)
can be established with the use of the Binet form for F".
3. THE RESULTS
Our results are contained in the theorem that follows.
Theorem: Let m ~ I be an integer. Then
S(I ) - I [(_1)11I-1Fm+2- F;m+3 J
, ... ,m - (I (_I)m-I_L) F. ... F -Fm+JFm+2T(I, ... ,m+2),
+ m+J I m+2
]',(1)- I [(-I)III-IFm+2+ F;m+3 F. F S( )]
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Proof: Let m ~ I be an integer. Then, due to telescoping, we have
(3.3)
Alternatively, with the use of (2.7), this sum can be written as
f F:t+mF:t+m+2 - F:tF:t+m+1
n=1 F:t ... F:t+m+2
= f (-1)m-IFm+IF:t+m+IF:t+m+2 +[1 + (-I)mFm+2lF:t+mF:t+m+2 _(-1)n-1Fm+2
n=1 F:t ... F:t+m+2
(3.4)
= (-I)m-1Fm+IS(l, ... ,m)+[I+(-I)m Fm+2lI F ...F 1 F -Fm+2 T(I, ... , m+2).
n=1 n n+m-I n+m+l
Finally, after using (2.5) to substitute for
ao 1
LFF ..·F F 'n=1 n n+1 n+m-I n+m+1
we equate the right sides of (3.3) and (3.4), and then solve for S(l, ...,m) to obtain (3.1). In the
course of the algebraic manipulations, we make use of the well-known identities L; = F:t-I +F:t+1,
F:t2+n.= F2n+I' and F:t-lF:t+l - Fn2 = (-It·
Since the proof of (3.2) is similar, we merely give an outline. To begin, we have
I(-It-I( 1 + 1 )= I. (3.5)
n=1 F:t ... F:t+m-IF:t+m+1 F:t+l ... F',.+mF',.+m+2 Fj ... FmF m+2
Next, we write the left side of(3.5) as
I(_1)n-l (F',.+mF',.+m+2 +F',.F',.+m+l).
n=l F',. ... F',.+m+2 (3.6)
Finally, we make use of (2.8) and (2.6), and then solve for T(I, ... , m). This completes the proof
of the theorem. 0
Ifwe substitute m = 4 into (3.1), we obtain (1.6). Likewise, if we substitute m = 2 and m = 6
into (3.2), we obtain (1.5) and (1.7), respectively.
4. CONCLUDING COMMENTS
Our results (3.1) and (3.2) do not produce (1.1) and (1.2), which, as stated in the Introduc-
tion, can be arrived at independently. Interestingly, due to our alternative approach, our main
results are more simply stated than the corresponding results in [3]. See, for example, (5.8) in
[3]. Incidentally, there is a typographical error in the last formula on page 464, where -1 should
be replaced by t·
Finally, we refer the interested reader to the recent paper [5], where Rabinowitz discusses
algorithmic aspects of certain finite reciprocal sums.
2003] 61
ON SOME RECIPROCAL SUMS OF BROUSSEAU: AN ALTERNATIVE APPROACH TO THAT OF CARLITZ
REFERENCES
1. Brother Alfred Brousseau. "Summation ofInfinite Fibonacci Series." The Fibonacci Quar-
terly 7.2 (1969): 143-68.
2. L. Carlitz. Solution to Problem H-lO (proposed by R. L. Graham). The Fibonacci Quarterly
1.4 (1963):49.
3. L. Carlitz. "Reduction Formulas for Fibonacci Summations." The Fibonacci Quarterly 9.5
(1971 ):449-66, 510-11.
4. R. S. Melham. "Reduction Formulas for the Summation of Reciprocals in Certain Second-
order Recurring Sequences." The Fibonacci Quarterly 40.1 (2002):71-75.
5. Stanley Rabinowitz. "Algorithmic Summation of Reciprocals of Products of Fibonacci Num-
bers." The Fibonacci Quarterly 37.2 (1999):122-27.
AMS Classification Numbers: I1B39, 40A99
62 [FEB.
r THE OFFICIAL JOURNAL OF THE FIBONACCI ASSOCIATION
TABLE OF CONTENTS
Referees 2
The Interval Associated with a Fibonacci Number Takao Komatsu 3
Some Identities Involving the Powers of the Generalized
Fibonacci Number Feng-Zhen Zhao and Tianming Wang 7
Complex Factorizations of the Fibonacci and
Lucas Numbers Nathan D. Cahill, John R. D'Errico, and John P. Spence 13
Inequalities among Related Pairs of Fibonacci
Numbers K.T. Atanassov, R. Knott, K. Oteki, A.G. Shannon, and L. Szalay 20
A Summation Formula for Power Series Using Eulerian
Fractions Xinghua Wang and Leetsch e. Hsu 23
q-Fibonacci Polynomials Johann Cigler 31
On Lacunary Recurrences Paul Thomas Young 41
Applications of Matrix Theory to Congruence Properties of
k"'-Order F-L Sequences Chizhong Zhou 48
On Some Reciprocal Sums of Brousseau: An Alternative Approach
to That of Carlitz R.S. Melham 59
Some Fractals in Goldpoint Geometry i.e. Turner 63
Divisibility Properties by Multisection Tamas Lengyel 72
The Sum of the Squares of Two Generalized
Fibonacci Numbers F.T. Howard 80
Elementary Problems and Solutions Edited by Russ Euler and Jawad Sadek 85
Advanced Problems and Solutions Edited by Raymond E. Whitney 91
FEBRUARY 2003 NUMBER)]




lSI Master Journal List
SEARCH RESULTS
Search Terms: 0015~0517
Total journals found; 1




FIBONACCI ASSOC, CfO PATTY SOLSAA, PO BOX 320, /\UHOHA. USA. SD, 57002·0320
.Ioumate ~··1 (of n I \1 fORMAl fOR ('RINf
I of 1 6/0212004 II :43 AM
